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Ulisteady TranSonic Nozzle Flow with Heat Addition

Martin Sichel*
The University of Michigan, Ann Arbor, Mich.

Transonic flows are very sensitive to heat release due to condensation, combustion, or electrical heating. The
governing unsteady small disturbance equations for such flows are formulated in this paper. In particular, a
slowly time-varying regime in which the characteristic disturbance time is much larger than a characteristic flow
time is considered. In the case in which the unsteady heat release is spatially homogeneous, a similarity solution
for flow in a converging-diverging nozzle has been found. The response of the flow to various forms of unsteady
heat input has been computed, and the role of shock waves within the nozzle is considered.

Introduction

NSTEADINESS or instability can be triggered in

transonic flows by a relatively small release of heat due
to such processes as condensation, combustion, or electrical
heating. Thus, flow oscillations induced by the heat released
during condensation of water vapor near the throat of con-
verging-diverging nozzles have been observed by Schmidt,!
Barschdorff,2* and Wegener and Cagliostto.’ Transonic
condensation effects also play an important role in deter-
mining the operating limits of cryogenic high Reynolds
number transonic tunnels.® Unsteady transonic flow with
heating also arises near the throat of the nozzles employed in
certain air blast circuit breakers.” In the present paper, the
transonic small disturbance equations for such flows are
formulated and an exact similarity solution of these equations
for a particular form of heat addition is presented.

Flows with processes resulting in the evolution of heat have
been the subject to extensive investigation as discussed in the
review by Becker,® and the monograph by Zierep,® for
example. The equations for steady transonic flow of reactive
gases have been formulated and discussed by Napolitano 10
and Prud’Homme.!! However, aside from the approximate
analysis of Barschdorff and Filipov,!? a transonic theory
applicable to the type of unsteady flows just described does
not appear to be available.

The present development starts with the basic equations for
reactive or nonequilibrium flow from which the transonic
small disturbance equations are then derived. The particular
case in which the characteristic disturbance time 7., > 7,, the
characteristic flow time is considered since the phenomena
described above lie in this ‘‘slowly time varying’’ regime. The
resultant equations are identical to the unsteady transonic
small disturbance equations derived by Adamson !? except for
an added reactive term. An insight into the character of such
flows is provided by a self-similar solution of these equations
for flow in a converging-diverging nozzle.

Basic Formulation

Inviscid but nonequilibrium flows will be considered, so
that the equations for the conservation of mass, momentum,
and energy are
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Here g is the rate of external heating per unit volume due to
such processes as Joule heating: or radiation, and will, in
general, be a function of both position and time.

In many important processes a single nonequilibrium
variable, say £, is sufficient, and the present discussion will be
restricted to this case. Thus, a caloric equation of state can be
written as

h=h(p,p,§) @

Combining Eqs. (1-4) and using the relation 4

9= -G)LIG),. ] @

for the frozen speed of sound then leads to the relation
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This equation, which forms the point of départure for the
analysis that follows, reduces to the well-known gasdynamic
equation in the case of steady nonreactive flow. In steady
nonreactive flow with external heating, Eq. (6) is identical to
that discussed by Zierep,? among others.

Equation (6) is completely general and can be used to treat
flows with condensation, combustion, vibrational relaxation,
or Joule heating. However, the definition of £, the ther-
modynamic derivatives, the form of ¢, and the rate law
governing D&/Dt¢ will depend on the process under con-
sideration. For example, in the case of a condensing vapor in
an inert gas, such as water vapor in air, the appropriate choice
for ¢ is g, the mass fraction of condensate. From the ther-
modynamics of condensing flows, !5 it then follows that:
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where R is the universal gas constant, g the average molecular
weight of the gaseous part of the mixture, L the latent heat of
vaporization, C,, the constant pressure specific heat of the
initial air vapor mixture, while p, is the vapor molecular
weight. On the other hand, for external heating of an inert gas
D&/Dt=0, and

a}
R M— N
(ah/ap)ps B =(y— ) ®)

where v is the ratio of specific heats.

Equations (1-3) and (6) can be simplified in transonic flow
because only small perturbations from the sonic velocity need
to be considered. However, within the transonic regime of
flow, certain restrictions are placed on the magnitude of the
reactive and heating terms in Eq. (6) regardless of the process
involved. To make further progress the equatlons given must
now be specialized to transonic flow.

Transonic Small Disturbance Equations

The subsequent development parallels that of Adamson 13
in the nonreactive case. Small deviations from a uniform flow

moving with velocity U in the x direction, and. with density.

and temperature p, and T, are considered. The undisturbed
flow is taken close to” the sonic velocity so that (U-—
as)/ar<1, and the ordering of the dependent variables and
stretching of the independent variables is taken to be the same
as in the case of inert flow.!* The present treatment is
restricted to two-dimensional flow.

The velocity, density, temperature, and pressure are made
dimensionless using U, p,, T, and 5,0? as reference quan-
tities, and for the development to follow dimensional
quantities will be denoted by overbars. Then appropriate
expansions for ¥ and v, the x and y velocity components and
for the density p, pressure p, temperature 7, and frozen speed
of sound a, are

u=I+E,uh)+..; v=08E,v) +...

p=I1+Ep®D +...; p=p©@ +Ep® 4 .. ©)

T=1+E,TD +...; ap=a, " +E;a,D
E, is a'small parameter characterizing deviations from the
undisturbed flow while, following the inert ordering,.the
parameter 4 is related to E; by 82 =E, (y +1). Stretched X and
¥y coordinates are given by
x=%/8¢ y=y/f (10)

This stretching accounts for the different rates of change in
the x and y directions that characterize transonic flow. Since
nozzle flows are of prime concern here, the characteristic
length £is taken as the nozzle half-height. It will be seen later
that Eq. (10) confines the analysis to a narrow region of the
nozzle throat.

As already mentioned, the present analysis is restricted to
the slowly time varying regime so that 7,>7,=¢/U.
Following Adamson 3 the dimensionless time

t=kbt/ (&7 0) ' an

is therefore introduced. Here & is a constant of 0(1). Equation
(11) implies that the Strouhal number Str=7,/7,, =ké<1.

At this point it is most convenient to use the conservation
equations in their original form. Substituting the stretched
variables and expansions in Eq. (1) and in the x momentum
equation then yields the relations

U +p D =0;  u® +pM =0 (12)

provided the undisturbed flow is uniform and steady.
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Together with Egs. (12) the y momentum equation then yields
the result

vt Juh)
> ay =C 13)

Hence the flow is irrotational to first order.

In order to deal with the energy equation, it is necessary to
specify the forms of the caloric equation of state Eq. (4). In
the present case it is reasonable to assume that the fluid is a
perfect gas with constant specific heats. For a condensing
vapor in an inert gas, I° Eq. (4) then becomes

h=C,T—gL=1[yp/(y—1)p] —gL (14)

where g is now the nonequilibrium variable, and the second
term on the right of this expression is dropped if only external
heating is under consideration. Keeping only the largest
terms, the energy equation now becomes

E, ra7Tw 0] 7 : h
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where M, = 170/df0. The order of magnitude of.the heating
term on the right-hand side will be established by considering
the gasdynamics Eq. (6).

Keeping only the largest terms, the gasdynamics Eq. (6)
becomes
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The left-hand side of this equation is of O(SE,); hence, it
follows that, to be consistent with the transonic ap-
proximation, the reactive and heating terms on the right can

" be at most of 0(6E;). From Eq. (7) it follows that the right

side of Eqgs. (15) and (16) are of the same order. The right side
of the energy Eq. (15) can, therefore, be dropped to first
order, and then one integration yields the relation

T — (y=Mip ™ =0 )
The gasdynamics equation can now be simplified further

using the results developed so far. From Egs. (12) and (17)
and the ideal gas equation, it follows that

pD=—(U/M§u® (18)
In the case of an ideal gas substitution of the expansions Eq.
(9) in Eq. (5) for a , together with Egs. (12) and (17), yields
the following expressmn
a}=(I/M3)(I+E, TV +...)
=(I/MPI-E,(y-1)MiuD) +...] (19

Since the flow is irrotational to first order, it is possible to
define the potential

&, =UA(¥/0) +E 5 (x,3,0) +...] (20

so that

u =g v =g, @1
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Utilizing the result that M32=1+0(E,), the gasdynamics
equation can now be reduced to the potential equation

2k¢xt + (Xs +¢X)¢Xx - yy

_ I 7 [1 B (aﬁ Dg] @)
" (E®) G,T, g/ ,,Dt

where x,= (M%—1)/(y+1)E;, and the ‘subscripts denote
differentiation.

The left side of Eq. (22) is identical to the unsteady tran-
sonic small disturbance equation for inert flow.!* The heating
term on the right requires further discussion and is considered
below.

Since all transport effects are neglected here, the boundary
conditions at a solid surface will be the same as in the inert
case considered by Adamson.!® Hence, with the wall coor-
dinate y,, given by

Yw=yi+ (y+1)E3F, (x,1) (23)
the wall boundary condition is
v{h =(4,),, = (8F,,/dx) 4

Here y; is a constant.

Application to Nozzle Flow with Heating

As previously indicated, the application of greatest interest
here is transonic nozzle flow with heating from condensation
or an external source. The relation of the small disturbance
Eq. (22) to such flows now requires further discussion.
Distinguishing features of this equation are the heating term
on the right which limits the processes that can be treated, and
the restriction of the unsteady processes to the slowly time
varying regime.

To begin, the small parameter E; will be related to the
geometry of the nozzle throat where the flow of interest
occurs. The throat section of a nozzle with-wall radius of
curvature R is shown in Fig. 1. The ordinate of the wall
contour is given by Eq. (23) from which it follows that

azy, , 1 9F, E, 3°F,
=qe - OHDE G50 T e

@5

Pl o~

since 62=FE,(y+1). Equation (25) is valid as long as
(dy,/dx) 2 <1. Since F,, x, and ¢, are all 0(1), it follows that
(3%F,,/3x?) ~0(1). Hence

E; ~0({/R) (26)

and a relation between E; and the nozzle geometry thus is
established.

With this value of E, it can be shown that physically ob-
served flow oscillations in nozzles fall within the slowly time
varying regime. Thus, Wegener and Cagliostro® found that
the frequency of condensation induced oscillations could be
correlated in terms of the dimensionless frequency f defined
by

Sf=Ff(2R0) % 7a* 27
where f is the actual oscillation frequency and g* the critical
speed of sound. For the data reported,’ 0.185 <f<0.940 or,
in other words, f~0(1). Now, using E; ~0(f//R), f—l’/a ,
and 7, = (1/f), it follows from Eq. (27) that

TplTon ~ 0(ELS) ~0(8) (28)
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Fig.1 Nozzle parahleters.

so that the observed result that f~0(1) implies that the nozzle
oscillations were indeed within the slowly time varying
regime. The actual oscillation frequencies f observed in the
slowly time varying regime are by no means small. In a nozzle
with f=0.65 c¢cm, R=16 cm, and with 4*=300 m/s
frequencies up to 6000 Hz were observed.® Other parameters
reported by Wegener and Cagliostro were also found to be
consistent !¢ with the ordering used to develop Eq. (22).

The heating term on the right of Eq. (22) cannot exceed 0(1)
within the order of transonic approximation considered here.
For purely external heating it then follows that

4/5oC, To~0(E,;8/7,) ~0(E,; /7o) (29)

If the external heating rate can be characterized by heat ¢,
added per unit volume of flow in a heating time 7,, it follows
from Eq. (29) that

Go/poC,Ty~0(E; 7,/ %) 30)

or, with 7, ~7,=(7,/8), the dimensionless heat addition
4p/poC, T, can be at most of 0(E;).

If heating is from condensation alone, the restriction
becomes

1 iy D
T (?—) 28 o) G1)
E;5 C,T, \og/,,Di

From the thermodynamics of vapor-inert mixtures, it can be
shown that

(gg )p,;~0(12 ) 32)

If w, is the specific humidity prior to condensation and 7, is a
characteristic condensation time, Dg/Dt~0(w,/7.), then Eq.
(31) implies the following relations between 7. and the
characteristic disturbance time 7.

7 wyD .
Te ~o(—"—) 33
Ten E, ¢

where D=L/C o To=(y—1L/a*2.

In Eq. (33) E, ; and 7, depend on the geometry of the nozzle
and on a*, L is a physical property of the fluid and w,
an externally imposed experimental condition. The con-
densation time 7., on the other hand, depends on the physics
of the condensation process and is essentially independent of
the other parameters in Eq. (33). This equation, therefore,
does not determine 7, in terms of w, D, 7., and E; but
simply indicates for what order of 7, the condition Eq. (31) is
satisfied. The dimensions of the nozzles studied by Wegener



168

M. SICHEL

AIAA JOURNAL

Table1 Dimensions and characteristic times of nozzles used by Wegener
and Cagliostro® and by Barschdorff?3

D=11;a*=300m/s; y=1.4

¢/R

B _ Tes 1S Tes US
¢, cm R,cm x, E;) é T 1S Teps 1S wy =0.01 wy =0.02
0.65 16 0.041 0.313 22 70 193 386
0.65 18 0.036 0.294 22 75 236 472
2.55 15 0.170 0.639 85 133 89 178
3.00 20 0.150 0.600 100 167 126 252
3.00 58 0.052 0.353 100 353 769 1538

and Cagliostro® and by Barschdorff as well as corresponding
values of E;, 7, 7., and values of 7, computed using Eq. (33)
are presented in Table 1. In these experiments ¢* =300 m/s,
D=11, and 0.01 <w,<0.02. It can be seen that the values of
7. determined from Eq. (33) fall into the range 90 <7, <1500

us. On the other hand, Wegener and Cagliostro indicate that.

the characteristic time for condensation lies in the range
10< 7/ <100 pus, where the physically observed condensation
time is denoted by a prime to distinguish it from the value
given by Eq. (33). In the upper range, 7/ satisfies condition
Eq. (33) for many of the cases given in Table 1. However,
when 7/=10 ps, 7/ <7, and Eq. (31) will be violated. The
small disturbance equation in the form of Eq. (22) will no
longer be applicable, and a different treatment probably
involving narrow condensation fronts will be required. The
presence of such fronts is, in fact, indicated in interferograms
of nozzle flows with condensation. 2

Similarity Solution—Formulation ,
Athough solutions of the small disturbance Eq. (22) for
condensation induced oscillatory flows are not yet available,
it is possible to develop an exact similarity solution of Eq. (22)
for special forms of external heating, ¢. This solution, which
describes the type of flow generated by electrical or Joule
heating, and provides valuable insight into the effects of
heating upon transonic nozzle flow, is developed next.
At first, it is convenient to express Eq. (22) in terms of the
velocity perturbation # (!, and to replace the external heating
term by the heating function

Q(x,,t) = (7,9) / (E;8C, Topy) (34)

Taking M, =1 so that x, =0, and differentiating with respect

§

tox
2kt + (D5D0) x = Dy + O =0 (35a)
In terms of u () = ¢, Eq. (35a) can be reduced to
2ku® 4+ (uDuD ), ~u+Q, =0 (35b)
Introducing the transformation
S=x+by2+8(t)  uD=Z(S)+4b2y?-2kB'(t) (36)

first used by Adamson!3? reduces Eq. (35b) to the following
equation for the function Z(S):

(Z2Z')’ —2bZ' —8b? +Q,=0 37

When Q is a function of time ¢ alone, Q, =0 and Eq. (37) is

reduced to the ordinary differential equation

(ZZ’)’' —2bZ’ —8b%?=0 (38)

The function 8(¢) is an arbitrary function of time, and b is a

constant whose significance will become evident later. The
flow described by Eq. (36) is symmetrical with respect to the x

axis; thus, any two streamlines mirrored in the x axis can be
taken as the walls of a nozzle. The function Z(S) is related to
the velocity perturbation u¢? on the axis y=0, and
Z(S)=uD (x,0)in steady flow when 8’ (¢) =0.

Equation (38) is identical to that considered by Tomotika
and Tamada !’ in their study of transonic nozzle flow, and has
the solution

(Z—-4bS)2(Z+2bS) = (o /4b3) (39)
with & a constant of integration. The transverse velocity, v 9,
determined from the irrotationality condition, u{!) =v{", is

v =2byZ +8b%xy+ (8b3y3/3) +y(8b2B—4k2B" + Q) (40)

It is significant that while the reaction term Q(¢) and the
function 3(#) are absent from Eqs. (38) and (39), these terms
do appear in the expression for v (/). While Eqs. (39) and (40)
describe the flow in a nozzle, the nozzle wall contour cannot
be specified arbitrarily, but rather is determined from the
similarity solution by combining Eq. (40) with the boundary
condition [Eq. (24)] and integrating the resulting differential
equation®® for F,, (x,¢). In general the nozzle walls will not be
stationary since the contour function will depend on both x
and ¢. i
When the integration constant a=0, it follows from Eq.
(39) that -
Z=4bS 41)
is a solution, and describes a flow accelerating from subsonic
to supersonic velocity through a nozzle throat. Since
ulh (x,0,t) =4b 42)
in this case, the constant b here determines the velocity
gradient on the nozzle axis. This simple, though physically
significant, solution will now be considered in detail. -
The transverse velocity v () now will be

32
oD =16b2xy+ b'y? +y(16b)8~4k76" +Q  (43)

If the arbitrary function 8(¢) is chosen to make the coef-
ficient of y in the last term equal to some constant C, both
v and the shape function F, will be independent of time.
The similarity solution now will describe flow through a
nozzle with rigid walls, and this is the solution of greatest
interest here. The function $(#) must then satisfy the dif-
ferential equation

4k23" —16b23=Q(t) +C (44)
The contour of the rigid nozzle corresponding to this case has
been determined by Adamson 13 in the absence of any heating,
i.e., with Q=0. The constant C establishes the origin of the x
coordinate system and can be taken as zero for convenience.
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The function 3(z) is now related to the heating function
through Eq. (44) which then establishes the influence of Q(#)
upon the similarity solution. Equation (44) is a linear

nonhomogeneous ordinary differential equation and so poses

few difficulties. The result that the influence of heating enters
through the boundary condition fits with the well-known
analogy between heatmg and area change in one-dimensional
compressible flow.® .

Similarity Solution—Results

Since Eq. (44) for 8(¢) is linear, it can be solved for any
Q(¢) that can be expressed in terms of a Fourier series or
integral. Hence it is first of interest to treat the case when
Q(¢) is the harmonic function

Q1) =Re(Ae™t) 45)

where the amplitude A~0(1), and » is a dimensionless
angular frequency. The solution for 3 () is then

2b 2
=t -t A
Hy=Ke* +K "—R[————— fwf]
By=Kee® +Kpe *Lakrar s 16b2 “6)
Equation (36) for u (O then yields the result
u =4bx+8b2y? +8bK,e *
+Re[ 4 expli(rT+wt \Ir)]]
4 T _
PN R
n=(2kw)/4b; ¥=tan Iy @n

This solution for u (!} contains a transient part that decays
exponentially. The value of the constant k defined by Eq. (11)
has no effect on the final results and so will be taken as unity.
To assess the full meaning of this solution for » (7, it will
be expressed in terms of the physical variables x—(x/f),
=(y/f), and f= (t/r ) which are related to
the nozzle geometry and the critical speed of sound a

shown that

x=16E,b? 48)
The constant b thus relates the small parameter E; to « but
does not affect the final result. In the present case, by letting
b=, Eq. (48) becomes E,=«. The relation between the
dimensionless amplitude A and the actual heating rate is

established by Eq. (34).
The dimensionless frequencies f [Eq. (27)] and w become

fir o~ P FT, 2
BT S Rl bry @

In terms of physical variables, the solution now becomes

Euth =% —% + g)ﬂ + 2K kexpl— %V (v + 1))
Y

kA , ~
+RE[\[—1—T‘1’—2 eXp[l(27rf\/Et+1r—-‘I/)]]

=4 ,__2 ¥ =tan ~! 50
n=4af. V41 an !y (50

The nozzle contour will be described by the equation 13

)7=1+§[)?+ %«/(yu K]Z 1)

UNSTEADY TRANSONIC FLOW WITH HEAT ADDITION 169

from which it can be seen that the throat occurs at
- 1
X= - (E)V (v+1)«

Equation (50) describes the response of the flow near the
throat of a converging-diverging nozzle to oscillatory,
uniformly distributed, heating. This solution will be con-
sistent with the ordering in the derivation provided ¥~ 0(V«),
J~0(1), f~0(1) and A ~0(1). The constant X, will depend on
the initial conditions of the flow, but has no further effect
after the decay of the transient term. From Eq. (50) it follows
that 2Tf/ k(y+ 1) 27, is the e folding time 7, of the
transient. For air at standard conditions with f=5 cm, and
x=0.1, this decay time is about 700 us. Values of 7, = (14)7,
for the nozzles considered by Wegener and Cagliostro’ and
Barschdorff are shown in Table 1. It can be seen that the
dimensionless frequency f, that determines the factor g, is a
key parameter since it determines both the amplitude and the
phase of the velocity oscillations induced by the heat input.
Again, considering {=5 cm, x=0.1, the actual frequency
fwill be 2700 Hz when f=1.0.

The sonic line, where Eu) =0, is a parabola that is
concave in the upstream direction and oscillates about the
nozzle throat. After the decay of the transient, the sonic line.
satifies the equation

~ K -
x,fm -y2 \/—zexpz(Zvrft\/— ¥) (52)

‘Two additional examples of the heating function Q(#) will
be considered: a periodic square wave and a discontinuous
change in Q. The square wave function

Q=A; O<wi<m, Q=0; w<wt<2T (53)

can be represented by the Fourier series

QA ZAZ“:

3 sin(2n—1)wt (54)

(2n—1)

The coefficients of the corresponding Fourier series for 8(¢)
can be found by substituting Eq. (54) in Eq. (44). With 8(2)
known, u ) (x,y,t) is readily determined and is now given by

uh =4bx+8b?y?
—{4 + i ~——L——-—cos[(2 Dowt+V¥ }
27 = n—DVT+n? n-Det+¥,]

=(2n—-1)y; \If,,=tan—’ni (55)
n

The variation of # (D at the origin x=0, y =0 is shown in Figs.
2a and b for the value of 1.0 and 2.0 for the frequency factor
7. As is to be expected, the response- of the flow to the
oscillatory heat input decreases with increasing 5 and, hence,
frequency f. For n<1, it is clear from both the simple har-
monic and square wave solutions that the oscillations of u (¥
will have the same form as those of the imposed heat input
Q(t). As an example for 9=0.1, ¢* =300 m/s, =5 cm,it

turns out that f=8.7 x 10 ~? and the actual frequency fwill be
23 Hz.

In the case of a discontinuous change in Q such that

0=0; t<0, Q=A; t>0 (56)

The solution for u ) for ¢>01is given by

A
uh =4bx-+8b2y2+ 2 (e~ 1) 7
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Fig.2 Square wave response; a) p=1.0 and b) =2.0.

Here again the e folding time for the flow to adjust to the
sudden change in Q1is 27,.
Generally, shock waves which may move through the throat
_region will occur in unsteady nozzle flow, and are present in
the interferograms of flow with condensation? mentioned
formerly. Such shock waves can be incorporated in the
similarity solution previously described.!®!® The difficulty
lies in developing solutions in which the nozzle walls are
stationary both upstream and downstream of the shock.
Adamson’s results!® for adiabatic flow can be used to
discuss the present case. Even with shocks the solution is still
described by Eqgs. (36-38) with Z(S) given by Eq. (39).
However, Z(S) is discontinuous at the shock which lies on a
parabola S=S,=const. The Hugoniot conditions across the
shock require that

Z,(Sp)=~-Z,(Sp) (58)

where subscripts # and d refer to conditions upstream and
downstream of the shock. Taking the upstream solution as the
accelerating flow Z,=4bS, already considered, the down-
stream solution is given by Eq. (39) with the integration
constant, @ = c, <0. The shock condition then requires that

Sy = — (0g/8b%) (59)

Upstream of the shock the solution will be identical to that
treated formerly with 3, (¢) and Q(¢) related by Eq. (44). The
fact that §=S,=const on the shock implies that the shock
moves in the x direction with velocity #, given by

u,=—kE;(y+1)a*B,(¢) (60)

The shock is thus “‘driven’’ by the heat input Q(#) through
the function 8, (¢). The problem is that since Z(S) changes
discontinuously across the shock, the transverse velocity v (9
given by Eq. (40) also changes and becomes time dependent.
Thus, with 8, (#) determined from Q(¢) in the flow upstream
of the shock, the nozzie contour downstream will vary with
time. A similarity solution with shock waves and rigid nozzles
walls, thus, does not appear feasible.
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Discussion

Equations have been formulated for the unsteady slowly
time varying transonic flow of a gas with external or reactive
heating. These equations are identical to the nonreactive or
adiabatic unsteady transonic equations except for the in-
clusion of a heating term. Consideration of experimental
results suggests that these equations are appropriate for the
analysis of the condensation induced oscillations observed in
transonic nozzles. However, the treatment of such flows will
require a consideration of shock waves and condensation
frorits in conjunction with the equations derived here.

It has been possible to develop a similarity solution for a
uniform, but time varying, heat input as. might arise in
electrical or Joule heating. It is interesting that the response of
the flow to heating is established through a linear equation
that arises from the boundary conditions at the walls of the
nozzle. The unsteady flows due to both a periodic and
stepwise heat input have been determined. Transient
disturbances are found to decay in a time of the order

Fop=0a*Ve(y+ 1). For a periodic input with frequency £, the
parameter 7 = 41rf7'c,, determines the response of the flow. For
a large frequency in the sense #3» 1, the response of the
flowfield will be minimal.

There appear to be no experimental results corresponding
to the self-similar solution described here. However, one of
Novak’s? finite-difference calculations (or computer ex-
periment) of nozzle flow with heating corresponds to a
discontinuous change of Q from zero to a small finite. value.

. The computations were for an axisymmetric nozzle making

direct comparison with the present analysis impossible.
However, Novak’s results are in qualitative agreement with
the results presented here. Figure 3, which is taken from
Novak’ shows lines of constant Mach number near the nozzle
throat for Q=0 and for a constant Q after equilibrium has
been established. The nozzle in question has £=0.01 m and
f/R=0.160. The constant heating rate causes the constant
Mach number lines to shift downstream without change of
shape, and this behavior is precisely that indicated by Eq. (57)
in the limit r—o. Novak’s results required extensive
numerical computations while the*analysis here, although
limited in applicability, is extremely simple.

Similarity solutions with shock waves are readily deter-
mined; however, it has not been possible to develop such
solutions with nozzle contours that are rigid throughout. To
deal with such flows, a technique similar to that described by
Adamson et al. 19 is probably appropriate.

The viscous boundary layer at the nozzle wall significantly
can affect the flow, especially when shock waves are present.
However, the theory presented here is essentially an inviscid
one so that the equations cannot satisfy the no-slip condition.
The core flow-boundary layer interaction is beyond the scope
of the present paper. )

In this paper, particular emphasis has been placed on nozzle
flows with condensation or external heating. However, the
analysis will also be applicable in the case of exothermic
chemical reactions if £ denotes a reaction progress variable
and L is replaced by the enthalpy of reaction. The physics of
the process will, of course, be quite different.
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